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ABSTRACT

Partisan gerrymandering is widely frowned upon by the citizenry as well as the Supreme Court. Despite
broad disdain for the practice, the Supreme Court has found it difficult to identify a workable standard
by which we might regulate political gerrymandering. We have lacked sufficient tools to analyze and syn-
thesize redistricting data, in part, because the requisite computation is massive. At the same time, the recent
proliferation of significant computing power has led to the discovery of the extensive and often surprising
reach of technology, information, and computation in many realms of life. Our capacities to compile, or-
ganize, analyze, and disseminate information have increased dramatically and facilitated the creation of
many tools to connect citizens and automate human tasks. We present a computational model that brings
these significantly advanced computing capacities to the redistricting process. Our model allows us to un-
derstand redistricting in fundamentally new ways and allows us to integrate technological advances with
our articulated theories for redistricting and democratic rule while also empowering citizens with new abil-
ities to understand and overturn partisan gerrymanders.
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THE SEARCH FOR A STANDARD

In the five decades since Baker v. Carr,1 nei-
ther the Supreme Court nor the election law com-

munity has been able to settle on a standard for, or a
definition of, political fairness. Moreover, it is un-
clear how this ‘‘fairness’’ could be balanced with
other criteria or implemented as a practical matter
by the many entities that draw district lines in the
United States. In Vieth v. Jubelirer,2 the Court com-

mented that developing such a standard might be so
sufficiently difficult that partisan gerrymandering
may fall into the realm of non-justiciability. The
Court, however, did not go quite this far and left
open the idea of an eventual workable standard.
LULAC v. Perry3 revived this idea under the rubric
of partisan symmetry. In the words of the Court, a
measure of partisan symmetry may be ‘‘a helpful
(though certainly not talismanic) tool.’’ In the
last few decades, many different measures and per-
spectives have been proposed, but one has yet to
satisfy the Court. This failure has not been for
lack of effort.

Early on, some hoped that formal criteria like
compactness, contiguity, and very strict equal
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population rules would prevent legislators and their
consultants from drawing politically unfair lines
(Schwartzberg 1965; Grofman 1985; Polsby and
Popper 1991; Niemi et al. 1990). However, purely
formalistic approaches limited only some kinds of
political gerrymanders, notably those that most
egregiously employed non-compact shapes to either
‘‘pack’’ or ‘‘crack’’ opponents. Other types of gerry-
manders that disproportionately packed opponents
in the name of compactness continued unabashed
(Cain 1985; Lowenstein and Steinberg 1985).
There has been obvious success and even surprising
ease with evading the legal constraints that are
intended to limit unfair gerrymandering.

The failure of the legal system in this political
realm has become more poignant alongside the re-
cent rise of partisan and bipartisan redistricting
cases in the state and federal courts. This increasing
litigation coupled with rising frustration has fueled
a renewed desire to develop appropriate checks
on the redistricting process. The legal challenges
have made it clear that judges continue to lack a
standard by which to rule on the constitutionality
of disputed redistricting plans. A measure of parti-
san gerrymandering is highly desirable but elusive.

A NEW FRAMEWORK: FIRST
AMENDMENT VERSUS FOURTEENTH

AMENDMENT

Surely, the guidance and basis for constructing a
measure must be rooted in the framework in which
it will be utilized. Recently the courts have expanded
their view in this regard, providing more information
and a potentially more expansive legal basis upon
which we might build a partisan gerrymandering
standard. In Shapiro v. McManus,4 the Supreme
Court opened a new possible avenue for challenging
partisan gerrymanders via the First Amendment.
Similarly, in Whitford v. Nichol,5 a lower court
heard a partisan gerrymandering case in Wisconsin
where plaintiffs allege that the Wisconsin Republi-
cans violated the First and Fourteenth amendments
by drawing state assembly districts that produced a
nearly 10% efficiency gap bias in 2010 and a 13%
efficiency gap in 2012.

In a Fourteenth Amendment equal protection
claim, the core question is whether a political party
or racial group has been treated unequally by the
redistricting map in question. Under the First Amend-

ment framework, the question shifts to whether a
state action burdens the exercise of speech in some
meaningful way based on speech content as revealed
by past voting behavior and registration. Any entity
that utilizes voting data from partisan races is
likely conditioning state action on speech. While
the Court recognizes that a redistricting plan might
need to treat political parties differently in order to
achieve other important state goals, these infringe-
ments should be limited and not excessive. In incum-
bent or bipartisanship gerrymanders that deny voters
the chance to use their votes to effect change in legis-
lative representation, one might argue that jurisdic-
tions that use political data in redistricting are
conditioning state action (i.e., district design) on the
content of past speech (e.g., previous vote history or
voter registration) in order to create safe incumbent
seats or safe Democratic or Republican held seats.

Notably, the structure and types of arguments that
can be pursued expand with an extension to the First
Amendment. The key to either an equal protection
or First Amendment claim, however, is the ability
to quantify the degree to which partisanship factors
into the creation of a map. Since the use of partisan
data is allowable as long as it is not excessive, one
then needs to have a measure of how much partisan-
ship, versus other criteria, has factored into the pro-
cess. An analytical method needs to be able to
separate natural consequences arising from particu-
lar population concentrations from state imposed
disparate effects that bestow an unnecessary politi-
cal advantage in favor of one group over another.
Such a tool is not readily available, making it cur-
rently difficult to determine when a partisan redis-
tricting has surpassed legal notions of fairness.

MEASUREMENT AND TOOLS

It has been clear for some time that the Supreme
Court will consistently reject proportional representa-
tion as a constitutionally mandated fairness standard
for either racial or partisan gerrymandering (see
Davis v. Bandemer6 and Johnson v. De Grandy7).
Various other proposals have been made, but not
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accepted by the Court. For instance, some have urged
the courts to adopt a seats–votes ratio measure that
would be more compatible with the American single
member, simple plurality district election rules
(Niemi and Deegan 1978; Niemi 1985; Niemi and
Jackman 1991). Others have suggested that the
Court adopt a symmetry standard that, in its most
idealized form, would yield an identical share of
seats for any given share of the votes (Grofman
and King 2007). Yet another measure might arise
from computing the ‘‘efficiency gap,’’ which seeks
to capture the difference in wasted votes between
two parties in an election (McGhee 2014; Stephano-
poulos and McGhee 2015).

Even if a measure could be agreed upon, the nec-
essary tools need to accompany these measures.
After all, a measure is only as good as the tool
that provides the measurement. Consider that if
one were interested in determining the length of a
black garden ant in millimeters, someone might pro-
pose that a measurement tool, like a ruler, would not
only be useful but would be the correct tool. How-
ever, if a person then produced a ruler that only
had marks for inches on it, the measurements
would not be very good or particularly precise de-
spite the great value and correctness embodied in
the idea of a ruler. Because of this shortcoming in
the tool, one should plainly understand the an-
nounced length of the black garden ant with the
knowledge that the ruler had only marks for inches
while black garden arts are less than an inch long.
Similarly, one can create an even less precise tool,
perhaps a stick with no marks on it at all. Again,
the idea for the measurement is the same and re-
mains theoretically sound, but the empirical results
clearly need to be interpreted and judged by the
quality or crudeness of the tool.

In redistricting, various measurements and tools
have been proposed. A theoretically attractive ap-
proach is to examine a plan in relationship to the
full enumeration of possible plans. With a full enu-
meration, one can determine how any particular
plan compares on any facet. With the full distribu-
tion, one can see if a plan is particularly biased to-
ward one party or the other, or whether it has less
or more respect for political subdivisions than
other plans with comparable metrics. One could
compare against the whole slew of plans or with
perhaps only those plans that surpass some level
of respect for political subdivisions. Indeed, any
question of this type can be answered. As attractive

as this approach is, the tools to create a full enumer-
ation elude us (Vickrey 1961; Nagel 1965; Weaver
and Hess 1963; Harris 1964). The computational
complexity of the problem renders this theoretically
attractive approach infeasible in the foreseeable
computing environment. Indeed, all efforts in this
direction have been successful for only very small
redistricting applications (at high levels of granular-
ity) that bear scant resemblance to actual redistrict-
ing problems (Garfinkel and Nemhauser 1970;
Gudgin and Taylor 1979; Papayanopoulos 1973;
Shepherd and Jenkins 1970).

If appropriate and useful tools for these theoreti-
cally attractive measurements did exist, the Court
would be able to engage in productive discussions
of how they might be utilized. Unfortunately, the ex-
tant tools are crude. This is not for lack of direction
or desire. Instead, the required computational power
is insufficient to realize the theoretic constructs.
Attempts thus far have made a slew of substantively
unrealistic simplifications that ignore critical redis-
tricting requirements such as the Voting Rights
Act and traditional districting principles such as
preserving cities, political subdivisions, and other
communities of interest, elements that are often
mandated by either the Supreme Court, state consti-
tutions, or local government charters, in order to
gain computational tractability. From a legal van-
tage point, then, these simplistic and crude tools
are useful only for addressing a different substantive
problem that does not bear sufficient resemblance to
the reality of political redistricting.

ESTABLISHING A BASELINE

For any tool that assesses the extent of partisan
gerrymandering, one needs a baseline for compari-
son. To be sure, we are not the first to propose that a
baseline is necessary. The principle that a baseline
needs to be established has widespread acceptance
and harkens back to discussions five decades ago
in the literature about full enumeration approaches.
Quite clearly, the purpose of the full enumeration is
to establish a baseline. It is reasonably simple to
measure any number of plan characteristics, includ-
ing the seats–votes ratio, symmetry measures, effi-
ciency measures, etc. Any plan has a particular
level of competitiveness, a specific efficiency, a
level of responsiveness to changing vote propor-
tions, etc., but how do we understand these numbers
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that are produced? What does it mean that a plan
is associated with a particular set of numbers that
represent measures? Are these numbers extreme in
the given jurisdiction? Obviously, to understand
the measurements for any one plan, we must view
them in the proper context. How competitive the
districts could have been plainly goes a long way
in helping us to understanding a single competitive-
ness number because it provides information on the
range of values for other possible plans. In short, we
need the context of a large number of possible plans
to understand the characteristics of any single plan.

A critical component in establishing any baseline is
that the population under consideration must remain

constant. If the population is different for different
plans, then it is not possible to determine whether
the differences in the measure are truly differences
in the measure or simply artifacts from altering the
underlying data. For example, Stephanopoulos and
McGhee (2015) compute their efficiency gap for
congressional and state houses between 1972 and
2012. Over this time period, they found that redis-
tricting plans were fairly balanced, offering neither
party a significant advantage over the other. How-
ever, they also note that redistricting plans have
exhibited an increasing efficiency gap over time in
favor of Republicans and that the current districting
plans are the most biased in our modern history. Cer-
tainly, the change in magnitude and direction of the
efficiency gap across time and elections is interesting
and intriguing. It is possible that the phenomenon is
attributable to wide-scale changes that favor Repub-
licans in the redistricting process. However, simply
noting an increasing efficiency gap over time in
favor of Republicans would not be sufficient for
inferring a conclusion about the changing and in-
creased biasedness of redistricting plans because
this scenario is also consistent with the phenomenon
of geographic sorting, whereby partisan neighbor-
hoods become increasingly homogeneous through
migration patterns (Bishop 2008). Via population mi-
gration, even if electoral maps were fixed, the effi-
ciency gap would still be affected by changes in
the underlying population.

To be sure, since the fundamental impetus for
redistricting is to allay the effects from population
shifts in the ten-year interim, we are mindful that
the geographic distribution of voters is fluid.
Accordingly, comparisons to metrics from other
plans must include only plans with the same popu-
lation base. Data from the same state but a different

year will not include the same voter base. Data from
other states is problematic because the population
differs and those plans may not seek to adhere to
the same redistricting criteria. The population
across comparison plans must be constant.

In addition to creating a set of possible maps
where the underlying population is constant, the
maps in the baseline comparison set need to be a
fully balanced comparison set of plans, meaning
that they balance and consider the full set of relevant
redistricting criteria. The full set of criteria may
vary by locale. Different state and local entities
have the power to impose different criteria. Usually,
there is a core set of criteria that includes population
equality, contiguity, and constraints on compactness
and preserving communities of interest, cities, and
counties. Of course, it is an uncontroversial claim
that the considered maps satisfy all legal criteria.
No one would claim otherwise. However, in prac-
tice, this is sometimes not followed because as
more criteria are simultaneously considered, the
computational problem becomes increasingly diffi-
cult and quickly unmanageable. On the other hand,
when the full set of criteria are not considered, the
produced comparison set is substantively less inter-
esting and perhaps substantively uninteresting.

Finally, another criterion on top of fully balanced
plans with a constant underlying population is that
we need to have a large set of independent maps.
Plainly, comparing to just one other plan is prob-
lematic. It may seem that 100 or 1,000 plans
would be much preferred. However, if these 1,000
plans are chosen in such a way that they are highly
similar, then having 1,000 plans is only marginally
better than having a single comparison plan. The
maps should be unique from one another, each con-
tributing new information, so that we are able to
gain some understanding of what is possible in
map-making for a particular jurisdiction.

THE REALM OF POSSIBILITY

In the world of redistricting, there is not a perfect
fit between what is possible and what is ideal. Ideally,
we would like a full enumeration of possible plans.
Such a set of plans allows us to fully understand
any one plan in context, thus allowing us to draw con-
clusions about whether the plan is biased toward one
party or the other, or to determine whether other
plans might more satisfactorily fulfill the pre-stated
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requirements and desires of various stakeholders.
Unfortunately, computational complexity precludes
the possibility of a full enumeration. When the full
set is astronomically large, it is also not straightfor-
ward to generate a sufficiently large, informative,
and random draw from the full set.

We submit a novel, feasible, and promising strat-
egy. Among the astronomically large set of possible
plans, the key insight into making the exercise even
remotely plausible is that the set of interesting, rea-
sonable, and relevant plans is a much smaller subset.
In the literature, this has been termed the set of ‘‘rea-
sonably imperfect plans’’ (Cain 2012). These are
plans that satisfy some set of goodness measures
(on, for example, compactness, preserving political
subdivisions, population equality, competitiveness,
efficiency, responsiveness, biasedness, etc.) so that
they are acceptable to relevant and important interest
groups. The vast majority of ‘‘random plans’’ are not
feasible or relevant in the sense that no one would
ever consider enacting these plans. If the plan
would not be a serious contender as an actual redis-
tricting map, then it should not be in a comparison
set with an enacted redistricting plan. Plans that ful-
fill only minimum legal requirements such as conti-
guity and population equality, but are not acceptable
by the parties, citizen groups, racial minorities, or
good government protectors, are not in the set of rea-
sonably imperfect plans. The set of reasonably im-
perfect plans is defined by the peculiarities, laws,
and actors in the jurisdiction under consideration.

This set is ‘‘imperfect’’ because there is no per-
fect plan that will satisfy all groups; there will al-
ways be tradeoffs because different groups likely
have distinct, and possibly conflicting, interests
and objectives. A reasonable plan is not simply a
plan that fulfills minimal legal requirements. More-
over, being a ‘‘random plan’’ does not make a plan
reasonable. A reasonable plan is a plan that a
human might have created based on a set of criteria
that actual line drawers consider and value. It is a
plan that takes a variety of different interests into ac-
count and seeks to balance competing criteria. It
will not perfectly satisfy any one group, but it will
cross thresholds of goodness and desirability and
be reasonably imperfect to many groups.

Simulation

One way to create a useful and theoretically at-
tractive baseline comparison set of reasonably im-

perfect plans is via simulation. The idea of using
computers to produce simulations for redistricting
is not new. Indeed, nearly 50 years ago, Thoreson
and Liittschwager (1967) proposed the idea and pro-
grammed their model into the University of Iowa’s
IBM 7044 digital computer. Even on computing
technology from as far back as the 1960s, they
were able to produce 150 simulated plans that satis-
fied measures of population equality, compactness,
and contiguity. To be sure, they enacted simplifica-
tions to make the computation possible. Notably,
they conducted their analysis at the level of coun-
ties, a level at which no actual redistricting is con-
ducted. However, using smaller geographic units
makes the problem prodigiously larger and unrealis-
tic on their computing platform.

Fifty years later, Chen and Rodden (2015) pro-
posed again that simulation is a useful approach.
Their innovation cannot be in using simulation for
redistricting analysis. That is an old idea. Instead,
rather than proposing a new measurement idea,
their contribution is updating the precision of the
simulation tool. Instead of using a computer at the
cutting edge in the 1960s, they had at their disposal
the advances in computing technology over the past
50 years, which, as we know from Moore’s Law, are
significant (Moore 1965). Though the underlying
theory is not different, they conduct a more fine-
grained analysis. An enduring source of computa-
tional complexity is rooted in working with small
units, which is why virtually all earlier attempts
have been at the county level. Chen and Rodden
claim to have 7,349 precincts or precinct clusters
in their analysis, but they then go on to say that
their ‘‘analytical solution is to grant deference to
the state government and simply hold clusters of
precincts—or even entire districts—fixed . ’’ In
their analysis of Florida, they hold three entire dis-
tricts constant as well as leave 46 of the 67 Florida
counties and 384 of Florida’s 410 incorporated mu-
nicipalities intact. Of the almost 7,000 precincts in
Florida, if we assume that counties, districts, and
cities are comprised roughly of the same number
of precincts, after their aggregation into these
large fixed units, there are far fewer units that can
be manipulated. How many they actually work
with is unknown since some cities are located en-
tirely within counties that are already being consid-
ered only as a whole unit. Figure 1 displays their
map showing the units that are immutable in their
redistricting simulation. By imposing the strong
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constraint that so much of the state’s geography re-
main single aggregated units, they produce a much
more manageable computational simulation but
also severely limit the interpretation of their results.

Importantly and legally consequential, the sub-
stantive justification they provide for aggregating
small units into larger immutable units limits their
computationally simplified approach. When we
are attempting to understand or judge a disputed
plan and whether it is biased or unfair, giving ‘‘def-
erence’’ to a plan in dispute in this way is substan-
tively questionable. While it makes sense to
conduct a simulation where the resulting plans re-
spect political subdivisions at least as much as the
plan in dispute, requiring that every simulated
map holds the exact same cities, counties, and dis-
tricts intact is clearly overly restrictive and has sub-
stantive and biasing implications. Holding entire
districts together from a disputed plan is an even
more questionable choice when the objective is to
analyze the fairness of a plan. These types of deci-
sions make the computation feasible but obscure
and regulate what their simulations then represent.
Since it is not clear that their simulation method
would even be possible without these simplifica-
tions, the Chen and Rodden approach remains sig-
nificantly limited and realistic in only stylized
terms.

We also embrace the idea of using simulation for
redistricting analysis. Much like how using a ruler
for measurement is not our idea, we also claim no
credit for proposing that statistical and computa-
tional methods are useful for understanding red-
istricting. The fields of computer science and
statistics surely provide an embarrassment of useful
raw materials. Crafting and tailoring a useful tool

from these fields that will unfold greater capability
and capacity to analyze gerrymandering cases, how-
ever, is a non-trivial undertaking that requires deep
domain knowledge, ingenuity, and careful thought.
In this quest, we have begun by arguing for a
more nuanced understanding of the proper baseline
comparison set. By focusing on the ‘‘reasonably
imperfect set’’ of redistricting plans, we are able
to make substantial progress on both the substantive
fit and the computational progress in developing
appropriate redistricting tools. We avoid making
simplifications to the problem for the sake of com-
putational tractability. Instead, our method is both
much more closely tailored to the substantive
problem and more computationally feasible. Addi-
tionally, we devote significant effort toward the
efficiency of the computational algorithm, which
enables us to produce not only orders of magnitude

more plans in the comparison set at lower levels of
geographic granularity than ever before, but also an
independent set of plans that meets specified good-
ness criteria. We present not just another simulation,
but a computational model that is far more flexible,
adaptable, and reflective of the actual redistricting
process than any previous proposal. Our tool is
novel and enables the type of analysis that is be-
hooved by First and Fourteenth Amendment chal-
lenges to partisan gerrymanders.

THE TOOL VERSUS THE STANDARD

To be clear, on an important point, our measure-
ment tool does not obviate the hard choices that the
courts must make in order to establish a legal stan-
dard that might incorporate these tools. The tool is

FIG. 1. Chen and Rodden’s Florida simulation data.
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necessary but not sufficient since its use is neither
fixed nor completely obvious. If we use a ruler to
measure the length of an ant, it is clear that what
the ruler provides is a measurement of the length;
this measurement from the ruler is not accompanied
with a judgment about the length. We may be able to
say that the ant is 0.6 inches, but whether an ant is
‘‘too short’’ or ‘‘too long’’ is a separate question.
The measurement is required to make a judgment,
but the two are plainly not equivalent. Measurement
does not imply judgment. Determining whether any
plan is so unfair as to be unconstitutional or undesir-
able requires making legal judgments about what
constitutes excess. This requires a standard that dis-
tinguishes a ‘‘reasonably imperfect redistricting,’’
from one that is ‘‘excessively unfair.’’ We have rec-
ommendations in this regard but are well aware that
the ultimate determination must be made by the
Court. In LULAC, Justice Stevens states that it is
in the realm of the Court to make normative judg-
ments about whether the line has been crossed in
partisan gerrymandering. He comments that ‘‘Jus-
tice Kennedy faults proponents of the symmetry
standard for ‘not providing a standard for deciding
how much partisan bias is too much.’ But it is this
Court, not proponents of the symmetry standard,
that has the judicial obligation to answer the ques-
tion of how much unfairness is too much.’’8

One manner in which to think about the way to
use the tool is to begin with the notion that measures
of unfairness are only able to produce values that lie
in a range. In addition to developing appropriate
measures of unfairness, we also need a way to
think about what then defines fair and unfair,
which are dichotomous choices. Perhaps an unfair
plan produces a bias in excess of some number, or
the unfairness measure lies outside some specified
range, such as 95% of all fully balanced, simulated,
reasonably imperfect plans. This step is critical but
not simple.9 The idea of establishing a cutoff based
on data is a viable direction for the Court if the tools
exist for the Court to assess how to determine the
number that would satisfy rigorous legal standards
and reasoning.

A COMPUTATIONAL APPROACH

Statistical approaches with limited data and com-
putation have been tremendously insightful on any
number of realms. More recently, with the prolifer-

ation of significant computing power, we have dis-
covered the extensive and often surprising reach
of technology, information, and computation into
many realms of life. These very same capacities
can shed insight into our governance structures, ide-
ally enabling us to improve our democratic society.
This is our approach here—to integrate technologi-
cal advances with our articulated strategy for analyz-
ing, contextualizing, and understanding redistricting
plans. Our approach is unique and computationally
intensive but also theoretically attractive.

Possible districting maps

Drawing electoral maps amounts to arranging a
finite number of indivisible geographic units into a
smaller number of larger areas. For simplicity, call
the former ‘‘units’’ and the latter ‘‘districts.’’ Since
every unit must belong to exactly one district, a
map is a partition of the set of all units into a pre-
established number of non-empty districts. The
redistricting problem is an application of the set-
partitioning problem that is known to be NP-
complete and computationally challenging (Garey
and Johnson 1979). The total number of possible
maps when drawing k districts using n units is a Stir-
ling number of the second kind, S(n, k) (Keane
1975), defined, combinatorially, as the number of
partitions of an n-element set into k blocks, which
is why it equals the number of partitions of n units
into k districts. The Stirling number of the second
kind can be computed recursively as S(n, k) = k

S(n-1, k) + S(n-1, k-1), which is valid when n ‡ 1
and 1 £ k £ n. Even with a modest number of
units, the scale of the unconstrained map-making
problem is awesome. If one wanted to divide
n = 55 units into k = 6 districts, the number of possi-
bilities is 8.7 · 1039, a formidable number. There
have been fewer than 1018 seconds since the begin-
ning of the universe. Of course, the number becomes
significantly smaller with relevant legal constraints,
such as contiguity, in place. However, it does not
become manageably smaller. The problem remains
massive.

8126 S. Ct. at 2638 n.9.
9In Whitmore, the proponents propose a 7% standard. However,
without a fully balanced comparison set, it is not possible to un-
derstand or justify this 7% figure. That number was, moreover,
derived from historical data with populations that differ from
the one under consideration, which we have already discussed
as problematic.
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Formalization of the redistricting problem

We can create a computational model that will
identify plans as it attempts to optimize some objec-
tive (e.g., competitiveness, safe districts, incumbent
protection) while simultaneously satisfying legal
constraints (e.g., contiguity and equipopulous dis-
tricts). In this framework, there are many ways to
specify an objective function. One specific formula-
tion of the problem might proceed as follows. We
have a set of N geographic units, u1, u2, ., uN,
that we wish to partition into a set of K districts,
d1, d2, . , dK. We can create an N · N adjacency
matrix, C, to indicate the contiguity of the various
units, where the entries are defined as

cij ¼
1 if unit i and unit j are adjacent or i ¼ j

0 otherwise:

�

for 1 £ i £ N and 1 £ j £ N. The convention that
cij = 1 for i = j is adopted to simplify the checking
of connectedness of districts. The population of
the N units is denoted by p1, p2, . , pN. So, if the
districts are equipopulous, then the population in
each district would be the average population, P,
given by

P ¼ 1

K

XN

i¼1

pi:

Let X be an N · K matrix with elements, xik, denoting
our decision variables. To specify a map, these vari-
ables are chosen for 1 £ i £ N and 1 £ k £ K so that

xik ¼
1 if unit ui is assigned to district dk

0 otherwise:

�

The population in district k is then

Pk ¼
XN

i¼1

xik pi for k ¼ 1, 2, . . . , K:

We have constraints of at least three types.

1. Each unit must be assigned to exactly one dis-
trict,

XK

k¼1

xik ¼ 1 for i ¼ 1, 2, . . . , N:

2. The maximum population deviation across all
K districts is no greater than a specified value
M. For any two districts, di and dj,

jPdi
�Pdj
j � M for i, j ¼ 1, 2, . . . ;K:

3. The units in each district must form a con-
nected set. That is, each unit is accessible
from any other in the set via transitions
encoded in the adjacency matrix C.

Subject to the constraints above, we seek to opti-
mize a specific objective function. The particular
specification of the objective function is flexible,
adaptable to any substantive interest.

We may formulate a population criteria as

p ¼ maxk Pkð Þ�mink Pkð ÞPK
k¼1 Pk

: ð1Þ

This measures the level of population deviation be-
tween the set of K districts. When the districts have
identical population, p = 0. As their population in-
creasingly deviates from one another, the value of
p increases. In this formulation, it is possible for
the value of p to exceed 1. This occurs when the dif-
ference in population between districts is very large.
In these cases, we can set p to its maximum value, 1,
which already represents an extreme population dif-
ference where one district has more than twice the
population of another.

Compactness may also be specified in many dif-
ferent ways (Li, Goodchild, and Church 2013).
Area–perimeter criteria are popular and were first
proposed by Ritter in 1882 (Frolov 1975). These
measures compare the perimeter of a shape to the
area of the shape. With these measures, a circle is
the most compact shape and would have an area–
perimeter ratio or compactness value of 1. The
value of a simple area–perimeter ratio would vary
with the size of the shape, but we can create a
scale invariance by dividing the area by the square
of the perimeter. We can also standardize the mea-
sure to have values in the [0, 1] range by including
p in the numerator. This measure is the most widely
used compactness measure in the area–perimeter
class of measures, and the one we use, CIPQ, (Osser-
man 1978), defined as

CIPQ ¼
4pA

P2
: ð2Þ

In the literature, this has also been called the
Polsby-Popper compactness criterion (Polsby and
Popper 1991).
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The population formulation and the compactness
criterion are flexible. There are many ways in which
they may be specified. One nice feature of our par-
ticular specifications is that the values can be stan-
dardized so that they span the same [0, 1] range
with a common best value. When the criteria are
standardized in the same range, it simplifies the
specification of weights in a multi-objective func-
tion that combines several measures reflecting com-
peting interests that are ideally and simultaneously
satisfied. Once measures of the individual criteria
are specified, the user may deploy any desired cus-
tomized notion of how various criteria should be
weighted. These specifications are modular, flexi-
ble, and customizable across a wide set of prefer-
ences, interests, and constraints.

We have extended significant effort toward creat-
ing an efficient and substantively appropriate algo-
rithm. We provide only an overview here since the
algorithmic details are available in our published
work in the operations research realm (Liu, Cho,
and Wang 2016). Here, we focus on the important
explication of how to utilize such a tool to gain in-
sight into political gerrymandering. As a short sum-
mary, our computational approach is based in strong
substantive knowledge and deep adherence to
Supreme Court mandates. Since the spatial configu-
ration of the geographic units plays a critical role in
the effectiveness and numerical efficiency of redis-
tricting algorithms, we have designed spatial evolu-
tionary algorithm operators that incorporate spatial
characteristics to efficiently and effectively search
the solution space. Our parallelization of the algo-
rithm at an immense scale further harnesses massive
parallel computing power provided by supercomput-
ers via the coupling of evolutionary search processes
and a highly scalable message-passing model that
maximizes the overlapping of computing and com-
munication at runtime. Our experimental results
demonstrate the desirable effectiveness and scalabil-
ity of our approach (up to 131,072 processors) for
solving large redistricting problems, which enables
finely tailoring the algorithm to the substantive re-
quirements of redistricting applications.

MARYLAND

We now turn to an illustration of how our method
sheds insight into the partisan gerrymandering debate
with data from Maryland. In Shapiro v. McManus, a

bipartisan group of Maryland voters alleged that
the 2011 congressional districts constitute a partisan
gerrymander that violates their First Amendment
right to participate in electing their political leaders.
The claim is that the state has drawn the districts in
such a way that it infringes upon a partisan voter’s
ability to elect his or her candidate of choice. To
be sure, all plans have some partisan effect. This is
unavoidable even in a completely partisan-free pro-
cess. Moreover, even when the line drawers do not
inject excessive partisan biases, some difference in
partisan effect may occur simply as a byproduct of
the peculiarities in the population landscape or
from trying to achieve other important state goals
such as equal population, compactness, and preserv-
ing communities of interest. At the same time, it is
possible that partisan considerations were over-
whelming or the predominant motivation behind
how the district lines are drawn. The essence of de-
ciding these cases, then, is to determine how one

might be able to untangle the underlying motives

using the data alone. In order for the Court to
make judgments about the role of partisanship in
drawing district lines, it needs some way to quantify
the role of partisanship in the line drawing process.

An important consideration here is how one might
construct a counterfactual for analysis. We have an
electoral map that satisfies a set of legal and non-
partisan criteria. This always includes population
equality and may include, depending on the jurisdic-
tion, criteria such as compactness and respect for po-
litical subdivisions. We know that the line drawers
sought to satisfy some set of non-partisan criteria
but are unsure whether or to what extent partisan con-
siderations may have also come into play. Given this
scenario, the counterfactual set of maps is the set of

plans that are at least as good or better on non-

partisan factors because these are known consider-

ations, but do not consider partisanship. If the line
drawers did not consider partisanship, then their
plan should resemble the broad contours of this
counterfactual set. The important gain from the
computation is that while it is difficult to objectively
ascertain how much a human considered partisan-
ship in the drawing of lines, it is not difficult to en-
sure that partisanship is not a consideration in a
computer-drawn map because it is simple to either
specify and/or verify that partisan data not be used
at all or to set the level at which partisanship will
be considered in relation to other non-partisan fac-
tors. For a partisan gerrymandering case, having a
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set of plans that are drawn without partisan consid-
erations but exhibit comparable non-partisan met-
rics allows us to see how the alleged partisan
considerations in the disputed plan substantively
alter the outcomes that emerge from a less or non-
partisan process.

To engage in creating this baseline reasonably im-
perfect comparison set, we begin by taking measure-
ments from the disputed plan. For Maryland, on two
non-partisan measures, population equality and
compactness, we required that a reasonably imper-
fect plan have non-partisan metrics that are at least
as good as the disputed plan. We deem these ‘‘good-
ness thresholds.’’ Certainly, additional non-partisan
criteria may be included here. These non-partisan
factors should be chosen to match the peculiarities
of the legal case. In our algorithm, as long as a par-
ticular facet can be quantified, we can incorporate it
into our algorithm. We did not incorporate any par-
tisan information into our map-drawing process.

For the state of Maryland, our algorithm identified
more than a billion ‘‘legal maps.’’ Of this set, about
250 million of these maps satisfy the requirements
of reasonably good and feasible maps that would fit
in the baseline set (i.e., they are as good as the current
map on non-partisan criteria). From the 250 million
maps, we retained only one feasible map every time
1,000 maps were generated. This is an additional
way to inject independence among the set of maps,
leaving us 258,584 maps for our final comparison
set. While others may have attempted to simulate
maps, none of those attempts have even remotely
approached either the quantity or quality of the
maps that we are able to identify with our tool. We
have created orders of magnitude more maps than
ever previously achieved. This is a significant
achievement and a testament to the efficiency of
our search algorithm. In addition, there are not sim-
ply ‘‘more maps.’’ Our search criteria identifies maps
over a goodness threshold. They are not just ‘‘random
maps’’ devoid of desirable characteristics and highly
unlikely to be considered as a serious map that might
become law, but maps that are ‘‘reasonably imper-
fect’’ in the sense that they are at least as good as
the current map on non-political measures.

The partisan characteristics of plans drawn

without partisan information

There are a number of ways to measure the par-
tisan nature of an electoral map. Our algorithm is

flexible and agnostic about what measure might
capture partisan leaning best; any measure that
can be quantified can be computed and examined.
Two of these measures, responsiveness and bias, de-
rive from the seats–votes curve (Edgeworth 1898;
Taagepera 1973). To gain a sense of these measures,
consider a generic seats-votes curve shown in Fig-
ure 2. The solid diagonal line represents a propor-
tional representation system where every gain of x

in vote proportion translates into exactly a gain of
x in the seats proportion. On the other hand, the
dashed S-shaped curve depicts a different relationship
between vote proportion and seat proportion. For the
S-shaped relationship, between vote proportions of ap-
proximately 0.40 and 0.60, the seat gain is most re-
sponsive to changes in vote proportion. In contrast,
near 0.0 and 1.0, the system is not very responsive.

Responsiveness is a measure of how sensitive seat
gains are to changes in vote proportion. In the seats–
votes curve, responsiveness can be seen simply as the
steepness in the slope of the curve. The steeper the
slope, the more responsive the seat proportion (or
the faster the change in seat gain responds) to changes
in vote proportion. The S-shaped curve has a steep
slope near the middle but flattens out considerably
toward the extreme vote proportions of 0 and 1.
Responsiveness, R(V) can thus be defined as

RðVÞ ¼ dEðS jVÞ
dV

: ð3Þ

The larger the value of R(V) is, the more responsive
the districting plan is to vote proportion and thus the
weaker the argument for a gerrymander.

The plot on the left in Figure 3 shows how the re-
sponsiveness of the current electoral map compares
with the responsiveness of the 258,584 maps that
were retained as our baseline comparison set.10 As
we can see from the plot, in Maryland, there are
many maps that are legally viable, at least as good
as the current map on chosen non-partisan indica-
tors, but are yet more responsive to the vote. In
fact, of the set of reasonably imperfect maps our al-
gorithm identified without using any partisan data
whatsoever, 94.79% of the generated maps were

10For each of these plots, data from six elections are incorpo-
rated. These six elections (U.S. House, U.S. Senate, State
House, Governor, Secretary of State, and Auditor) all involved
the same electorate and the current districting scheme. These
were the data available to us, but any set of elections for
which one has data can be used.
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FIG. 2. Seats-votes curves.

FIG. 3. Current plan versus 258,584 reasonably imperfect plans on responsiveness and bias.
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more responsive to changes in the vote proportion
than the current map. This implies that partisan con-
siderations were likely at play in devising the cur-
rent map since creating a map with its level of
responsiveness is unusual (though possible) when
partisanship is not a factor in the map creation.11

Biasedness is the condition of favoring one party
over the other and can be described as a deviation
from bipartisan symmetry. Based on the seats–
votes curve, biasedness, B(V), can be defined as

BðVÞ ¼ EðS jVÞ�[1�EðS j ð1�VÞÞ]: ð4Þ

In other words, both parties should expect to receive
the same number of seats given the same vote pro-
portion. If one party receives more seats than the
other given the same vote proportion, then there is
a lack of symmetry or a bias toward the party that
would gain more seats under the same vote propor-
tions or conditions. Here, the ideal symmetry is
achieved at 0 while values that are negative show
a bias toward the Democrats and positive values in-
dicate a skew toward the Republicans. Measures of
biasedness are shown in the plot on the right in Fig-
ure 3. Like the responsiveness plot to its left, the
biasedness of the current Maryland map falls on
the left end of the histogram. The current map is
quite skewed in its favor toward the Democrats.
Among the maps in the baseline set, the current
map is more extreme than 99.79% of the generated
maps on the biasedness measure. In Maryland, it ap-
pears that while the population landscape tends to-
ward maps that seem to virtually always favor
Democrats, the current plan has about as strong a
Democratic bias as any plan we could identify with
comparable non-partisan characteristics, again im-
plying that partisan information was used in building
the current map.

There are also other ways to measure the influ-
ence of partisan motivations besides those related
to the seats–votes curve. For instance, one might
imagine that the most competitive (and therefore
non-partisan) map would have districts that are
evenly divided between Democratic and Republican
registrants and that any advantage toward one party
or the other would be symmetrically split. That is, if
there are eight districts, then if four districts leaned
slightly Democratic, then the other four would lean
slightly Republican. One way to quantify this mea-
sure of competitiveness is as follows. Let Dk be the
Democratic registration in district k and Rk be the

Republican registration in district k for k = 1,

2, . , K. A district is most competitive when Dk =
Rk. Across all districts, an overall measure of com-
petitiveness could be calculated as

f ¼ Tp ð1þ aTeÞ b, ð5Þ

where

Tp ¼
1

K

XK

k¼1

Rk

Dk þ Rk

� 1

2

����
����

 !
;

Te ¼
BR

K
� 1

2

����
����, for 0 � Tp � 0:5,

0 � Te � 0:5, and a, b > 0:

Here, Tp measures competitiveness as a deviation of
the Republican two-party registration from 0.50 in
each district and Te is a weighting factor, which cap-
tures the differential in the number of seats won by
the two parties. In the formulation for Te, BR is the
number of districts where Republican registration
is larger than the Democratic registration; a defines
the weight of Te in the competitiveness measure;
and b is a normalizing constant so that the value
of f spans the range [0, 1]. For example, since Te

2 [0, 0.5] when a = 1, if we set b = 4
3 then f 2 [0,

1]. This formulation is small when the average reg-
istration differential, Tp, is small while also ensuring
that this small differential is spread equally between
the parties. When f = 0, Republican registration and
Democratic registration is the same and the number
of districts where Republicans dominate and the
number of districts where the Democrats dominate
is identical.

The histogram on the left in Figure 4 shows how
the electoral maps fall on competitiveness. It ap-
pears that the geographic landscape and the con-
straints on compactness and population equality
constrain competitiveness to some extent. However,
without considering partisanship, the large propor-
tion of our maps were more competitive than the
current Maryland map, which was more competitive
than only 12.44% of our generated maps. It appears
likely, then, that the line drawers used information

11We do not intend to forward concrete tests or cutoffs for the
Court, but we note here that if one were using a strict 5% cutoff,
which is common in many statistical analyses, this map would
just slide by, satisfying what one might call 0.05-level signifi-
cance but failing to pass a significance test at the 0.053-level.
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that results in the maps being less competitive
than they would be if no partisan information was
considered.

In the right plot in Figure 4, we see the seat
differential between the Democrats and the Republi-
cans. In the vast majority (78.61%) of our generated
maps, the Democrats have a four-seat advantage.
That is, the Democrats have an advantage in six
seats while the Republicans have an advantage in
two seats. In a smaller set (21.07%), they have a
six-seat advantage (as they do in the current map
with seven Democratic seats and one Republican
seat). In a few plans (824 or 0.32%), the generated
map is as good as the current map on non-partisan
factors and has only a two-seat differential (or Dem-
ocrats with five seats and Republicans with three
seats). In eight plans (< 0.0002%), the Democrats
have the advantage in all eight seats while the
map is as good as the current map on non-partisan
factors, even though no partisanship information
was used in the construction of the maps.

Since partisanship was not explicitly considered
in the creation of our maps, we can regard the set
of maps that we create as representative of the
types of maps that are generated with no partisan in-
tent but are still constrained by Maryland’s natural
population landscape, e.g., where the rivers and
ocean flow, how the mountains carve up the state,

how the cities have developed, the shape of its coun-
ties, the racial and/or socio-economic concentra-
tions that have formed over the course of the
state’s history, and constraints on population equal-
ity and compactness. Some of these maps will ap-
pear highly partisan, but our concern is not the
extremes of our distribution. Instead, we look to
the first two moments of our distribution, the
mean and the variance, to quantify the levels of par-
tisan effects that are not excessive for the landscape
under consideration. Accordingly, when we notice
these levels of partisan effects that are identified
by our analysis, the Court should not regard them
as excessive or in need of regulation. On the other
hand, if the disputed plan registers partisan levels
at the extremes (where extreme is defined by the
Court) of the baseline set, then there may be cause
for concern.

The distributions allow us to assess whether the
existing plans are outliers among other reasonably
imperfect plans that could have been drawn, allow-
ing us to understand whether, among the possibili-
ties, is this proposed plan particularly unresponsive
to voter preferences? Is this proposed plan excep-
tionally biased toward one party? Could we have
achieved the goals of this new plan while maintain-
ing greater respect for other important criteria or tra-
ditional districting principles such as respect for

FIG. 4. Current plan versus 258,584 reasonably imperfect plans on competitiveness and seat differential.
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political subdivisions or compactness? Is the shift to-
ward a Republican or Democratic bias a function of
shifting demographics and population migration, or
are the motivations of the partisan line drawers the
driving force? If the proposed plan is not exceptional
in any way but is still biased toward one party, then
the Court may decide that the grounds do not exist
for revisiting the proposed plan. The pivot lies not
within the plan itself or simulations based on one
particular plan but in how that plan compares to
other possibilities. In this way, the ability to generate
and analyze a large number of feasible redistricting
plans without making a host of simplifications for
computational reasons is essential for ensuring our
democratic values.

Our plans still exhibit partisan effects as all
maps do, but inarguably, our maps are not inten-

tionally biased and have no underlying partisan
motivation. Drawing maps in this way allows us
to separate how the population patterns in the
state constrain the map making and how the parti-
san motivations might alter the creation of maps. If
partisanship is not considered at all, it appears that
the modal plan is more responsive, less biased,
more competitive, and would give Democrats an
advantage in six seats and the Republicans an ad-
vantage in two seats. In terms of responsiveness,
the map under contention is particularly unrespon-
sive to voters. It is also particularly biased. These
histograms provide evidence that under a First
Amendment framework, the map has encroached
one party in favor of the other, and that these in-
fringements were the result of an explicit consider-
ation of party, not necessitated by the population
landscape. Whether this impingement is excessive
is left to the Court. Our analysis also shows that
there are a slew of map alternatives that would
significantly remedy the disputed plan’s partisan
effects while maintaining respect for the non-
partisan criteria. Our analysis here is illustrative
of what can be achieved. In an actual legal case,
the lawyers or the judge may wish to expand the
non-partisan constraints to include, for instance,
respect for particular political subdivisions. We
did not include that here, but this is a simple exten-
sion. Different partisan measures, such as the effi-
ciency gap, may also be desired. Each legal case is
idiosyncratic. Our model is easily pliable to these
types of particulars.

We also acknowledge that our results are limited
because we did not incorporate a racial measure. We

omitted this analysis for three reasons. First, it is un-
clear how racial and partisan considerations should
interact. The Court has not been clear on this issue
except to say that there should be some balance.
Second, while our tool can be used to examine ra-
cial gerrymandering as well, that is the subject of
separate but related research. Our particular imple-
mentation for racial considerations is nuanced and
tailored toward the extensive legal discourse on ra-
cial gerrymandering, which is far more extensive
than the partisan gerrymandering discourse. Racial
and partisan considerations can be combined in a
variety of ways, but we do not wish to push a par-
ticular view on that matter given the Court’s vague-
ness on the subject. It should be unambiguous,
however, that the tool we propose is immensely
malleable, flexible, highly adaptable, and based
on straightforward logic. Once the Court clarifies
these matters, it is not difficult to mold the use of
the tool to the Court’s declarations. Finally, we
are not intending to submit a policy recommenda-
tion. We wish simply to discuss and demonstrate
how our tool is useful for assessing partisan
gerrymandering. Our work in this realm overcomes
many significant limitations that have plagued this
exercise in the past. We can now produce maps that
closely mimic the redistricting process with exist-
ing computing technology.

DISCUSSION

We have lacked sufficient tools to analyze redis-
tricting data, in part, because the computing prob-
lem is massive. While the frameworks proffered
in the literature are theoretically attractive, the
tools necessary to implement these methods have
been elusive. However, while half a century has
passed since we began discussing the theoretical at-
tractiveness of simulations, we have not updated
our tool set to be more tightly tailored to the precise
contours of the Court’s mandates. Even recent at-
tempts at simulations have significantly simplified
the problem for computational tractability. Surely
it is not simple or straightforward to devise these
tools, but the time is ripe for us to think harder
about how to develop the correct baselines for anal-
ysis and to be retrospective about the limitations of
any approach. While we are not the first to propose
the use of a baseline or the use of simulations, our
simulation design is novel and more meticulously
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adherent to the realities of redistricting cases. To
this end, we also create and demonstrate a far supe-
rior tool that creates a much closer rendition of the
baseline that is necessary to make legal challenges
viable.

It is difficult to foresee how the future will un-
fold. At the same time, it seems clear that we are
in the midst of an unmistakable and enormous tech-
nological transformation. The recent proliferation
of computing power has led to the discovery of
the extensive and often surprising reach of technol-
ogy, information, and computation in many realms
of life. Our capacities to compile, organize, analyze,
and disseminate information have increased dramat-
ically and facilitated the creation of many tools to
connect citizens and automate human tasks. We
are now poised at the cusp of being able to use sta-
tistical modeling and computing technology in the
redistricting process in an unprecedented manner,
allowing us to understand redistricting in funda-
mentally new ways. Visions of the future often
entail new modes of transportation and greater auto-
mation of basic tasks, but we must also think and
consider how to improve society by integrating
technological advances with our articulated demo-
cratic theories and ideals.
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